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yn = a cos(2piftn) + b sin(2piftn) + n, n = 1 . . . N
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L(y; f,a,b) = ΠNn=1p (yn − a cos(2piftn)− b sin(2piftn))
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ŝ(f) =
(
R(f)tR(f)
)−1
R(f)ty
=
[
CC(f) CS(f)
CS(f) SS(f)
]−1 [ ∑
n yn cos(2piftn)∑
n yn sin(2piftn)
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CC(f) =
∑
n cos
2(2piftn)
E
CS(f) =
∑
n cos(2piftn) sin(2piftn)
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SS(f) =
∑
n sin
2(2piftn)
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I(f,ŝ(f)) = ||y −R(f)ŝ(f)||2
= ||y||2 − ŝ(f)†R(f)†y
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= ŝ(f)†R(f)†y
(~jt'/#
	%PM#*%	 t`j*-,2@93	%3!#Z/#903&E# "]4
3
 ﬂ7 :9M# "M< &5/#0 /^	[t+j*
0 /#\*
53	%!' " -/'67*s	['	[	
67*
	%3 /^!#	
67:!#T/#@9)67*W67$J
τ
1
yn = a cos 2pif(tn − τ) + b sin 2pif(tn − τ) + n
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var ûk  ﬀ =
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||ûT − ûT−T0 ||∞ < α '>=Z+85 α = 10−3 +&% ûT ∆= 2
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   t
+&)x $%'K% '2# '7);%F%2+8#F=I'8%2+H .-/#+8#%'301:8+8#T/N%QCe:&%6'8#+

#>ﬃ! .-F%2+8#F5XvX#+&-@#7'7-6'701J&%-/+>#
σ2
+&%
σ2 a
ﬂﬃ! W#
5-'8%25H &%?ﬃ*)$#Y:HGd'8%2+&0:+&);%%?'I0R'7%-'258+F+.+F5HﬃE=!'7-'('7)$58+9'*#/#;ﬃ;5&'?:8+<
ﬃ=
[ s | q̂α, d̂f , y] =
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∂
∂x∗
bx = 0
∂
∂x∗
bx∗ = bt
∂
∂x∗
x†Ax = Ax
∂
∂x∗
x†Ax∗ = (A + At)x∗
∂
∂x∗
x†c = c
∂
∂x∗
x′c = 0
∂
∂x∗
x′Ax = 0
∂
∂x∗
x′Ax∗ = A′
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J 687:9 (x) =
1
2
‖y −Wx‖2 + λR 687:9 (x), ﬂ Q0+ R 687;9 (x) =
∑
k
√
s2 + |xk|2
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s2 + |xk|2
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J+(x+) =
1
2
∥∥y − (W+x+ + W∗+x∗+)∥∥2 + λR(x+)
−−→∇J+(x+) = −2W†+
(
y −W+x+ −W∗+x∗+
)
+ λ
−−→∇R 687;9 (x+).
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J1(x) =
1
2
||y −Wx||2 + λ
∑
k
|xk|.
¢
$'7 <`ﬂ#VS"%C&(4&(20@A5!6Bﬁﬀ*0ﬀ]$=<>2,PQ?("%Sﬂ#$F06/+,17ﬁ?("%!ﬂ#6B*
x
,7*H?(6l@M"6/"@3?(@ &(
J1
7ﬁ"'0C7*0?($F0@A06B]7ﬁ"

(i) ∀k *PY[ |xk| = 0 : |rk| ≤ λ,
(ii) ∀k *PY[ |xk| 6= 0 : rk + λ xk|xk| = 0,
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r = W†(Wx− y) [
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J ′(x ; p) = lim→0 1 (J(x + p) − J(x))
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J1(x) =
1
2x
†W†Wx−<{y†Wx}+ 12y†y + λ ‖x‖1
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∆J1() =
1

(J1(x + p)− J1(x))
=
1

(
2
2
p†W†Wp + <{p†r}+ λ(‖x + p‖1 − ‖x‖1)
)
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J ′1(x ; p) = lim
→0
∆J1() = <{p†r}+ λ lim
→0
1

(‖x + p‖1 − ‖x‖1).
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‖x + p‖1 − ‖x‖1 = 
∑
k∈I
|pk|+
∑
k∈N−I
|xk + pk| − |xk|.
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lim→0 1 (|x + p| − |x|)
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 → 0  |x + p| = |x| + <{p∗ x|x|} + O(2)
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lim→0 1 (|x + p| − |x|) = <{p∗ x|x|}.
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J ′1(x ; p) = <{p†r}+ λ
(∑
k∈I
|pk|+
∑
k∈N−I
<{p∗k
xk
|xk|}
)
=
∑
k∈I
(<{p∗krk}+ λ|pk|) +
∑
k∈N−I
<{p∗k(rk + λ
xk
|xk|)}
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∀k ∈ N − I, ∀pk ∈ 3 , <{p∗k(rk + λ
xk
|xk|)} ≥ 0
∀k ∈ I, ∀pk ∈ 3 , <{p∗krk}+ λ|pk| ≥ 0.
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&(c=ﬂ,5!6 20O"F&(06B*9 ∀k ∈ N − I, rk + λ xk|xk| = 0
[

6 IJ5#g
7ﬃﬂ#6B <{p∗krk} = |pkrk| cos(φk)
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◦
xk = arg min
xk
J(x)⇔ ◦xk = arg min
xk
1
2
‖ek −wkxk‖2 + λϕ(|xk|)
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kwk|xk|2−<(e†kwkxk)+λϕ(|xk|)
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a = w†kwk
R
b = w†kek
0
xk = ρe
jθ RJ$FnI(ﬀ*5!_($Ff0@AA,7ﬁ4+,0$%?("&(3$bﬂX@M"%6("%@M"F7.ﬂ#ﬁ"F5!6&(n$bﬂEcd5!6/+0ﬁ"F5!6&(n&(0?LKmSﬂ#ﬀﬁ"bﬂ#_($F,7 (ρ,θ) ∈
4
+ × [0,2pi] 
f(ρ,θ) =
1
2
aρ2 − ρ(br cos θ + bi sin θ) + λϕ(ρ)
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f(ρ,θ)
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b = 0
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ρ = 0
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xk = 0
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∂f
∂θ
(ρ,θ) = 0 ⇔ ρ(−br sin θ + bi cos θ) = 0
⇔ ρ = 0 5!? tan θ = bi/br
⇔ ρ = 0 5!? θ = θ1 = ﬂ#.ﬂ#6 bi/br 5!? θ = θ2 = ﬂ#.ﬂ#6 bi/br + pi o;[ 
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θ1 =
ﬂ#.ﬂ#6
(−∞) =
−pi/2 0 θ2 = ﬂ#.ﬂ#6 (+∞) = pi/2 +,5!ﬀﬁﬀ*,7*IJ5!6/&/ﬂ#6B:ﬂ#?LKG7.5!$?/ﬁ"F5!6/7&/ﬂ#6/7]$F3+ ﬂ!7]IZﬂ#ﬀﬁﬁ"F+0?($%"F0ﬀ br = 0 [  ﬂ#ﬀ
ﬂ#"%$%$F0?(ﬀ*7
∂f
∂ρ
(ρ,θ) = 0⇔ aρ− (br cos θ + bi sin θ) + λϕ′(ρ) = 0.
)20.ﬂ#"%$%$F5!6/7ﬂ#$F5!ﬀ*7H$F,7C&(0?LKa+ ﬂ!7^7*?("%!ﬂ#6B*7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5!?(ﬀ
θ = θ1 =
ﬂ#.ﬂ#6 bi
br
0
br 6= 0 R/5!6 ﬂ cos θ = 1√
1+b2i /b
2
r
= |br||b|
0
sin θ = bi/br√
1+b2i /b
2
r
= bibr
|br|
|b|
0C&(5!6/+
br cos θ1 + bi sin θ1 =
br|br|
|b| +
b2i |br|
br|b| =
7ﬁVS6
(br)
(
b2r
|b| +
b2i
|b|
)
=
7ﬁVS6
(br)|b|.
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θ = θ2 =
ﬂ#.ﬂ#6 bi
br
+ pi
0
br 6= 0 RL5!6lﬂ cos θ = − 1√
1+b2i /b
2
r
= − |br||b|
0
sin θ = − bi/br√
1+b2i /b
2
r
= − bibr
|br|
|b|
0C&(5!6/+
br cos θ2 + bi sin θ2 = −br|br||b| −
b2i |br|
br|b| = −
7*VS6
(br)
(
b2r
|b| +
b2i
|b|
)
= − 7ﬁVS6 (br)|b|.
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br = 0
R(5!6ﬂ
b = bi
R
θ1 = −pi/2 0 θ2 = pi/2 [/3<>5!U1
br cos θ1 + bi sin θ1 = −bi = − 7*VS6 (bi)|b| 0 br cos θ2 + bi sin θ2 = bi = 7ﬁVS6 (bi)|b| [

5!?(ﬀ
θk = θ1, θ2
R(5!6lIJ0?(C&(5!6/+:2,+0ﬀﬁ"%ﬀ*
br cos θk + bi sin θk = ±|b|
0H"%$'B"F06B
∂f
∂ρ
(ρ,θk) = 0⇔ aρ + |b|+ λϕ′(ρ) = 0 ﬂ W,+  = ±1.

5!?(ﬀ3$F,7n&L"rD20ﬀ*06B*,73IJ206Zﬂ#$%"F7.ﬂ#ﬁ"F5!6/7A06BB"F7.ﬂ#VW2,,7 R$bﬂacd5!6/+0ﬁ"F5!6
ϕ
,7*3+0ﬀ*5!"F7*7.ﬂ#6B*SRy ~ 
 φ′(ρ) ≥ 0 IJ5!?/ﬀ
*5!?(
ρ ≥ 0 [  ﬂ#ﬀ+,5!6/7*2,PQ?/06B Rj&Zﬂ#6/7A$Fl+ ﬂ!7E5!U  = 1 R+,a*0ﬀﬁ@Al6/l7 <`ﬂ#6(6B?($FM *ﬂ#@Eﬂ#"F7 6/5!?/7ﬂ Q5!6/7
7*?(I(IJ5S7*2
b 6= 0 ^0 f(ρ,θk)
,7ﬁ+0$bﬂ#"%ﬀ*0@A06B)@M"%6("%@Eﬂ#$06
ρ = 0
[Y\5!?/7]ﬀ*,+.-/0ﬀ*+.-/5!6/74&(5!6/+;IZﬂ#ﬀ]$bﬂ7ﬁ?("%*
$F,7C7*5!$%?(ﬁ"F5!6/7C&(
IJ5!?(ﬀ
ρ 6= 0, ∂f
∂ρ
(ρ,θk) = 0⇔ aρ− |b|+ λϕ′(ρ) = 0
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θk = θ1
5!?
θ2
7*0$F5!6kPB?/X$bﬂIZﬂ#ﬀﬁﬁ"Feﬀ*2,0$%$Fa&(
b
,7*3IJ5S7*"%ﬁ"%Wa5!?6/20VQﬂ#ﬁ"%QSRsﬀ*,7ﬁIJ,+0ﬁ"%Q8@A06O'$F,7
+ ﬂ!7
(θ = θ1, br < 0)
5!?
(θ = θ2, br > 0)
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ﬂ#? + ﬂ!7e5!U
 = 1
8[4ﬂ#6/7X$F+ ﬂ!7XIZﬂ#ﬀﬁﬁ"F+0?($%"F0ﬀ
br = 0
R5!6 ﬂ#?(ﬀ.ﬂ
θ = θ1 = −pi/2 $F5!ﬀ*7*PB?/ bi < 0
0
θ = θ1 = −pi/2 $F5!ﬀ*7*PQ?/ bi > 0 [ £ ﬂ#I(IJ0$F5!6/7]PB?/46/5!?/7]7ﬁ?(I(IJ5S7*5!6/7C"F+0" b 6= 0 R/&(5!6/+;5!6l6/:IJ0?(CIZﬂ!7
ﬂ Q5!"%ﬀC7ﬁ"%@;?($%.ﬂ#6/20@A06B
br = bi = 0
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(θ,ρ)
ﬀﬂﬁﬃ !#"$
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◦
θ = arg b '
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 ∀ρ ∈ 4 + +  6G8rT0 R(6/5!?/7^IJ5!?(W5!6/7C2,+0ﬀﬁ"%ﬀ*
$F5!ﬀ*7*PB?/
br > 0
R/5!6Gﬂ
◦
θ = θ1 =
ﬂ#.ﬂ#6
bi/br
[#<C6mﬂn&(5!6/+
tan
◦
θ = tan arg b
0^$F,7C&(0?LKlﬂ#6(VS$F,7]06
PB?/,7ﬁﬁ"F5!6nﬂ#I(IZﬂ#ﬀﬁﬁ"F06(6/,6B9^$=< "%6B*0ﬀﬁSﬂ#$%$F
[−pi/2, pi/2] (2pi)  θ1 ,7ﬁ?(6/ﬂ#ﬀ*+8g=.ﬂ#6(VW06B*H8 < (b) > 0 8[

ﬂ#ﬀC+,5!6/7.2,PQ?/06B R
◦
θ = arg b
[
&(E@A0@ASR$F5!ﬀ*7*PQ?/
br < 0
R5!6ﬂ
◦
θ = θ2 =
ﬂ#.ﬂ#6
bi/br + pi
[$<]6ﬂG&(5!6/+
tan
◦
θ = tan arg b
0
$F,7n&(0?LKﬂ#6(VS$F,7M06kPQ?/,7ﬁﬁ"F5!6ﬂ#I(IZﬂ#ﬀﬁﬁ"F06(6/06B9G$=< "%6B*0ﬀﬁSﬂ#$%$F
[pi/2, 3pi/2] (2pi)

θ2
,7ﬁ3?(6/aﬂ#ﬀ*+8g
.ﬂ#6(VW06B*10 < (b) < 0 8[  ﬂ#ﬀC+,5!6/7*2,PQ?/06BR ◦θ = arg b [
$F5!ﬀ*7*PB?/
br = 0
RJ5!6ﬂ
◦
θ = −pi/2 7ﬁ" bi < 0 J&/ﬂ#6/74+0n+ ﬂ!7 RJ5!6ﬂXﬂ#?/7*7ﬁ" arg b = arg jbi = −pi/2 [
))@A0@ASRZ5!6Gﬂ
◦
θ = pi/2
7*"
bi > 0
(&/ﬂ#6/7C+,4+ ﬂ!7 R/5!6GﬂAﬂ#?/7*7ﬁ"
arg b = arg jbi = pi/2
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φ(xk) =
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ϕ(ρ) =
√
s2 + ρ2
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aρ− |b|+ λ ρ√
s2 + ρ2
= 0 ⇔
√
s2 + ρ2 (|b| − aρ) = λρ
⇔ ρ ≤ |b|/a 0 (s2 + ρ2) (|b| − aρ)2 = λ2ρ2
⇔ ρ ≤ |b|/a 0 P (ρ) = 0 5!U :
P (ρ) = a2ρ4 − 2a|b|ρ3 + (|b|2 + s2 − λ2) ρ2 − 2s2a|b|ρ + s2|b|2.
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f(ρ,θ)
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b = 0
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ρ = 0
0
θ
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◦
θ = arg b
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ρj
Q20ﬀﬁ"pYﬂ#6B
0 ≤ ◦ρj ≤ |b|/a
RBI(?("F7+ ﬂ#$F+8?/$%0ﬀH$F,7!ﬂ#$F0?(ﬀ*7&(
f(
◦
ρj ,
◦
θ)
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f(0,θ) = λs
R
+ ﬂ#ﬀ
(ρ = 0, θ
PB?/0$F+,5!6/PQ?/
)
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ϕ(ρ) = ρ
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aρ− |b|+ λ = 0.
q5!ﬀ*7*PQ?/ |b| ≤ λ RW+,0ﬁ*]20PB?Zﬂ#ﬁ"F5!6E6'<`ﬂ4IZﬂ!7j&(C7*5!$%?(ﬁ"F5!6EIJ5!?(ﬀ ρ > 0 SIZﬂ#ﬀ+,5!6/7*2,PQ?/06BRW$FH@M"%6("%@;?(@ &( f
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ρ = 0
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(
∂f
∂ρ (ρ,θ) = 0,
∂f
∂θ (ρ,θ) = 0
)
,7ﬁ ◦
ρ = |b|−λa
0
◦
θ = arg b
[ ﬁ"%6Zﬂ#$F0@A06B R"%$+05!6OB"F06B3&(
6/5!*0ﬀ:PQ?Z!RT&/ﬂ#6/7)$Fn+ ﬂ!7 |b| > λ RJ$Fn+05!?/I($Fn+,5!ﬀﬁﬀ*,7ﬁIJ5!6/&Zﬂ#6B (◦ρ,◦θ) &(5!6(6Z3$%"F0?9?(6/3Sﬂ#$F0?(ﬀ4&( f I($%?/7
c=ﬂ#"%_($FePQ?/
ρ = 0
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ρ
,7ﬁn$=< ?(6("FPQ?/e@M"%6("%@;?(@ &($bﬂ
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f(ρ,
◦
θ)

f(
◦
ρ,
◦
θ) < f(0,
◦
θ)
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7ﬁ" |b| ≤ λ R (◦ρ,◦θ) ,7ﬁH?(6l@M"%6("%@;?(@ &( f ⇔ ◦ρ = 0 ;
7ﬁ" |b| > λ R (◦ρ,◦θ) ,7ﬁH?(6l@M"%6("%@;?(@ &( f ⇔ ◦θ = arg b 0 ◦ρ = |b|−λa
5!Ul$bﬂn!ﬂ#ﬀﬁ"bﬂ#_($F
b = w†kek
0
a = w†kwk = N
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a =
√
x2 + y2
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pA(a) =
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σ2
exp
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−a
2 + µ2
2σ2
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(aµ
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µ =
√
µ21 + µ
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µ1 = µ2 = 0
5!6ﬂ
µ = 0
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I0(0) = 0
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